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The experimental verification of chiral anomaly in Weyl semimetals is an active area of investi-
gation in modern condensed matter physics, which typically relies on the combined signatures of
longitudinal magnetoconductance (LMC) along with the planar Hall effect (PHE). It has recently
been shown that for weak non-quantizing magnetic fields, a sufficiently strong finite intervalley
scattering drives the system to switch the sign of LMC from positive to negative. Here we unravel
another independent source that produces the same effect. Specifically, a smooth lattice cutoff to the
linear dispersion, which is ubiquitous in real Weyl materials, introduces nonlinearity in the problem
and also drives the system to exhibit negative LMC for non-collinear electric and magnetic fields
even in the limit of vanishing intervalley scattering. We examine longitudinal magnetoconductivity
and the planar Hall effect semi-analytically for a lattice model of tilted Weyl fermions within the
Boltzmann approximation. We independently study the effects of a finite lattice cutoff and tilt pa-
rameters and construct phase diagrams in relevant parameter spaces that are relevant for diagnosing
chiral anomaly in real Weyl materials.
I. INTRODUCTION
As dictated by the well-known no-crossing theorem [1],
the Bloch bands in a solid typically do no cross each
other at any point in the Brillouin zone. Some excep-
tions to this general rule are Dirac and Weyl materi-
als, where non-trivial topology of the Bloch bands can
stabilize the band degenerate point [2–12]. In a Weyl
semimetal (WSM), a band crossing point, also known as
a Weyl node, can act as a source or sink of Abelian Berry
curvature [13]. Since the net Berry flux through the Bril-
louin zone must vanish, the Weyl nodes must occur in
multiples of two. The topological nature of the Bloch
bands in a WSM gives rise to very interesting physics
typically that is absent in conventional condensed mat-
ter systems. Some examples include the manifestation of
anomalous Hall [12, 14] and Nernst [15–17] effects, open
Fermi arcs [10], and the most prominent one being the
manifestation of chiral or Adler-Bell-Jackiw anomaly [18–
27].
Weyl fermions have an associated chirality quantum
number that is identical with the integral of the flux
of the Berry curvature around a Weyl node. The num-
ber of Weyl fermions of a specific chirality remain con-
served in the absence of an external gauge or gravita-
tional field coupling. However, in the presence of back-
ground gauge fields, such as electric and magnetic fields,
the separate number conservation laws for Weyl fermions
is violated [18–20]. This is the result of chiral anomaly
in Weyl fermions and has its origins rooted in high-
energy physics. The verification of chiral anomaly in
Weyl semimetals is one of the most active areas of in-
vestigation in condensed matter physics.
Chiral anomaly in WSMs maybe verified by exper-
imental probes such as that measure magnetoconduc-
tance [28–36], Hall effectt [37–45], thermopower [15, 46–
48], or optical activity [26]. It was initially concluded
that chiral anomaly in WSMs directly correlates with
the observation of positive longitudinal magnetoconduc-
tance. For example, from elementary field-theory calcu-
lations [27], the chiral chemical potential (µ5, which is
difference between the chemical potential between Weyl
nodes of two chiralities) created by the external parallel
E and B fields in the presence of intervalley scattering is
µ5 = 3v
3
F e
2τiEB/4~2µ2, where vF , τi, and µ denote the
Fermi velocity, scattering time, and the chemical poten-
tial, respectively. The corresponding longitudinal current
is given by j = e2µ5B/2pi
2, which immediately gives us
positive longitudinal magnetoconductance. However, a
detailed analysis shows that positive longitudinal mag-
netoconductance is neither a necessary, nor a sufficient
condition to prove the existence of chiral anomaly in
WSMs. It has now been well established that both posi-
tive or negative magnetoconductance can arise from chi-
ral anomaly in WSMs [49–66]. In the presence of strong
magnetic field, when Landau quantization is relevant, the
sign of magnetoconductance depends on the nature of
scattering impurities [49–55]. For weak magnetic fields,
it was recently shown that sufficiently strong intervalley
scattering can switch the sign of LMC [64, 65].
In this work we unravel another independent source
that produces negative LMC for weak non-collinear elec-
tric and magnetic fields even for vanishing intervalley
scattering strength. Around a Weyl node, the energy
dispersion locally behaves as χk = ~vF k, where vF is the
Fermi velocity, while k is the modulus of the wavevector
measured from the nodal point. In practice, the linear
energy dispersion around a Weyl node is only valid for
a small energy window. In a realistic lattice model of
Weyl fermions, the bands are no longer linear far apart
from the nodal point, and the lattice regularization pro-
vides a physical ultraviolet cutoff to the low-energy spec-
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2trum. The lattice model of Weyl fermions introduces a
source non-linearity in the problem and has important
implications in several physical properties. For exam-
ple, the lattice model of Weyl fermions produces a non-
zero Nernst effect [15, 16] (as also observed experimen-
tally [17]), which is otherwise predicted to vanish in the
linear approximation [46]. Here, we semi-analytically ex-
amine longitudinal magnetoconductance and the planar
Hall effect for a lattice model of Weyl fermions. Earlier
works on a lattice model of Weyl semimetals mostly re-
sort to numerical evaluation of various intrinsic quantities
such as the Berry curvature and the orbital magnetic mo-
ment, as well as transport quantities such as longitudinal
conductance or the Hall conductance [15, 16, 25, 37, 63].
The lattice model we adopt has exact analytical expres-
sions for the Berry curvature as well as the orbital mag-
netic moment at all energies. The associated transport
quantities are also evaluated semi-analytically within the
Boltzmann formalism. We find that nonlinear lattice ef-
fects can produce negative LMC for non-collinear elec-
tric and magnetic fields even in the absence of inter-
valley scattering. Crucially, it is important to account
for orbital magnetic moment effects to obtain negative
LMC. We also find that in the presence of finite interval-
ley scattering, lattice effects drive the system to exhibit
negative longitudinal magnetoconductance quickly at a
lesser threshold of intervalley scattering as compared to
the linearized approximation.
Further, in realistic materials the Weyl cones not only
have a smooth lattice cutoff but are also in generally
tilted along a particular direction. We also examine lon-
gitudinal magnetoconductance σzz and the planar Hall
conductance σxz in the presence of a tilt parameter both
parallel and perpendicular to the z−direction. When the
electric and magnetic fields are aligned parallel to each
other, and Wwhen the Weyl cones are tilted along the
direction of the magnetic field, LMC is quadratic if the
cones are oriented in the same direction, and the sign
of LMC depends on the strength of intervalley scatter-
ing (αi). When the cones are tilted opposite to each
other, LMC is found to be linear-in-B with sign depend-
ing on the magnitude of the tilt as well as αi. When
the cones are tilted perpendicular to the direction of the
magnetic field, LMC is found to be quadratic, with the
sign again depending on the value of intervalley scat-
tering strength αi. However, more interesting features
emerge when LMC is examined for non-collinear electric
and magnetic fields, as demonstrated by several phase
plots in the αi − tk space (tk being the tilt parameter).
We also find that the planar Hall conductance also shows
linear-in-B behaviour for tilted Weyl cones oriented op-
posite to each other, and this linear-in-B behavior is en-
hanced in the presence of intervalley scattering αi.
II. BOLTZMANN FORMALISM FOR
MAGNETOTRANSPORT
We begin with the most general form of a tilted type-
I Weyl node of a particular chirality χ, including non-
linear effects away from the Weyl node due to lattice
regularization. The Hamiltonian expanded around each
Weyl point can be expressed as
Hk = χE0p(ak · σ) + Tχx q(akx) + Tχz r(akz). (1)
In the above expression, E0 is an energy parameter, T
χ
x
and Tχz are tilt parameters along the x and z directions,
respectively, k is the momentum measured relative to the
Weyl point, σ is the vector of the Pauli matrices. The
functions, p, q, and r are can assume any form as long
as p(0) = q(0) = r(0) = 0, but we choose p(x) = q(x) =
r(x) = sin(x) as prototype of a lattice Weyl node. The
corresponding energy dispersion is given by
χk = ±E0 sin(ka) + Tχz sin(akz) + Tχx sin(akx). (2)
Note that for a Weyl node without any tilt the energy
bandwidth equals 2E0.
We study charge transport for weak electric and mag-
netic fields via the quasiclassical Boltzmann theory and
thus the Landau quantization regime will not be relevant
for our discussion. A phenomenological Boltzmann equa-
tion for the non-equilibrium distribution function fχk can
be written as [67](
∂
∂t
+ r˙χ · ∇r + k˙χ · ∇k
)
fχk = Icol[fχk ], (3)
where the collision term on the right-hand side incorpo-
rates the effect of impurity scattering. In the presence of
electric (E) and magnetic (B) fields, the dynamics of the
Bloch electrons is modified as [24]
r˙χ = Dχ
( e
~
(E×Ωχ + e
~
(vχ ·Ωχ)B + vχk)
)
p˙χ = −eDχ
(
E + vχk ×B +
e
~
(E ·B)Ωχ
)
, (4)
where vχk is the band velocity, Ω
χ = −χk/2k3 is the
Berry curvature, and Dχ = (1+eB·Ωχ/~)−1 is the factor
by which the phase space volume is modified to due Berry
phase effects. The self-rotation of Bloch wavepacket also
gives rise to an orbital magnetic moment (OMM) [13]
that is given by mχk = −eχE0 sin(ak)k/2~k3 for the
above lattice model (see Appendix A for details). In the
presence of magnetic field, the OMM shifts the energy
dispersion as χk → χk−mχk ·B. Note that the Berry cur-
vature and the orbital magnetic moment are independent
of the tilting of the Weyl cones.
The collision integral must take into account scattering
between the two Weyl cones (internode, χ ⇐⇒ χ′), as
3well as scattering withing a Weyl cone (intranode, χ⇐⇒
χ), and thus Icol[fχk ] can be expressed as
Icol[fχk ] =
∑
χ′
∑
k′
Wχχ
′
k,k′(f
χ′
k′ − fχk ), (5)
where the scattering rate Wχχ
′
k,k′ in the first Born approx-
imation is given by [67]
Wχχ
′
k,k′ =
2pi
~
n
V |〈ψ
χ′
k′ |Uχχ
′
kk′ |ψχk〉|2δ(χ
′
k′ − F ) (6)
In the above expression n is the impurity concentration,
V is the system volume, |ψχk〉 is the Weyl spinor wave-
function (obtained by diagonalizing Eq. 1), Uχχ
′
kk′ is the
scattering potential profile, and F is the Fermi energy.
The scattering potential profile Uχχ
′
kk′ is determined by
the nature of impurities (whether charged or uncharged
or magnetic). Here we restrict our attention only to non-
magnetic point-like scatterers, but particularly distin-
guish between intervalley and intravalley scattering that
can be controlled independently in our formalism. Thus,
the scattering matrix is momentum-independent but has
a chirality dependence, i.e., Uχχ
′
kk′ = U
χχ′I.
The distribution function is assumed to take the form
fχk = f
χ
0 + g
χ
k , where f
χ
0 is the equilibrium Fermi-Dirac
distribution function and gχk indicates the deviation from
equilibrium. In the steady state, the Boltzmann equation
(Eq. 3) takes the following form
[(
∂fχ0
∂χk
)
E ·
(
vχk +
eB
~
(Ωχ · vχk)
)]
= − 1
eDχ
∑
χ′
∑
k′
Wχχ
′
kk′ (g
χ
k′ − gχk) (7)
The deviation gχk is assumed to be small such that its
gradient can be neglected and is also assumed to be pro-
portional to the applied electric field
gχk = e
(
−∂f
χ
0
∂χk
)
E ·Λχk (8)
We will fix the direction of the applied external electric
field to be along +zˆ, i.e., E = Ezˆ. Therefore only Λχzk ≡
Λχk, is relevant. Further, we rotate the magnetic field
along the xz-plane such that it makes an angle γ with
respect to the xˆ−axis, i.e., B = B(cos γ, 0, sin γ). When
γ = pi/2, the electric and magnetic fields are parallel to
each other. When γ 6= pi/2, the electric and magnetic
fields are non-collinear and this geometry will be useful
in analyzing the planar Hall effect, as well as LMC in a
non-collinear geometry that has non-trivial implications
in a lattice model as well as for tilted Weyl fermions even
in the linear approximation.
Keeping terms only up to linear order in the electric
field, Eq. 7 takes the following form
Dχ
[
vχzk +
eB
~
sin γ(Ωχ · vχk)
]
=
∑
η
∑
k′
W ηχkk′(Λ
η
k′ − Λχk)
(9)
In order to solve the above equation, we first define valley
the scattering rate as follows
1
τχk
= V
∑
η
∫
d3k′
(2pi)3
(Dηk′)−1W ηχkk′ (10)
One would assume that when γ = pi/2, due to the electric
and magnetic field both being parallel to the zˆ axis the
azimuthal symmetry is retained in the problem. How-
ever, due to the tilting of the Weyl cones the azimuthal
symmetry is destroyed even for parallel electric and mag-
netic fields, and therefore the above integration (and all
other subsequent integrations) must be performed both
over θ and φ when either (i) the Weyl cones are tilted
and/or (ii) γ 6= pi/2. Note that finite lattice effects by
themselves do not break azimuthal symmetry. The ra-
dial integration is simplified due to the delta-function in
Eq. 6.
Substituting the scattering rate from Eq. 6 in the above
equation, we have
1
τχk
=
VN
8pi2~
∑
η
|Uχη|2
∫∫∫
(k′)2 sin θ′Gχη(θ, φ, θ′, φ′)δ(ηk′ − F )(Dηk′)−1dk′dθ′dφ′, (11)
where N now indicates the total number of impu-
rities, and Gχη(θ, φ, θ′, φ′) = (1 + χη(cos θ cos θ′ +
sin θ sin θ′ cos(φ − φ′))) is the Weyl chirality factor de-
fined by the overlap of the wavefunctions. Since quasi-
classical Boltzmann theory is valid away from the nodal
point such that µ2  ~v2F eB, therefore without any loss
of generality we will assume that the chemical potential
lies in the conduction band.
4Including orbital magnetic moment effects, the en-
ergy dispersion χk is in general a function of several
parameters including the chirality index, i.e., χk =
χk(E0, k, a, χ,B, θ, γ). This equation has to be in-
verted tin order to find a constant energy contour
kχ = kχ(E0, 
χ
k, a, B, θ, γ). For the case of lattice Weyl
fermions, a closed-form analytical solution is not feasible
and we will resolve to a numerical solution for kχ. For
tilted Weyl fermions in the linearized spectrum approx-
imation, it is possible to invert the equation as will be
shown shortly.
The three-dimensional integral in Eq. 11 is then re-
duced to just integration in φ′ and θ′. The scattering
time τχk depends on the chemical potential (µ), and is a
function of the angular variables θ and φ.
1
τχµ (θ, φ)
= V
∑
η
∫∫
βχη(k′)3
|vηk′ · k′η|
sin θ′Gχη(Dηk′)−1dθ′dφ′,
(12)
where the prefactor βχη = N |Uχη|2/4pi2~2. The Boltz-
mann equation (Eq 9) assumes the form
hχµ(θ, φ) +
Λχµ(θ, φ)
τχµ (θ, φ)
=
V
∑
η
∫∫
βχη(k′)3
|vηk′ · k′η|
sin θ′Gχη(Dηk′)−1Ληµ(θ′, φ′)dθ′dφ′
(13)
We make the following ansatz for Λχµ(θ, φ)
Λχµ(θ, φ) = (λ
χ − hχµ(θ, φ) + aχ cos θ+
bχ sin θ cosφ+ cχ sin θ sinφ)τχµ (θ, φ), (14)
where we solve for the eight unknowns
(λ±1, a±1, b±1, c±1). The L.H.S in Eq. 13 simplifies
to λχ+aχ cos θ+ bχ sin θ cosφ+ cχ sin θ sinφ. The R.H.S
of Eq. 13 simplifies to
V
∑
η
βχη
∫∫
fη(θ′, φ′)Gχη(λη − hηµ(θ′, φ′) + aη cos θ′+
bη sin θ′ cosφ′ + cη sin θ′ sinφ′)dθ′dφ′,
(15)
where the function
fη(θ′, φ′) =
(k′)3
|vηk′ · k′η|
sin θ′(Dηk′)−1τχµ (θ′, φ′) (16)
The above equations, when written down explicitly take
the form of seven simultaneous equations to be solved
for eight variables (see Appendix B for details). The last
constraint comes from the particle number conservation∑
χ
∑
k
gχk = 0 (17)
Thus Eq. 14, Eq. 15, Eq. 16 and Eq. 17 can be solved
together with Eq 12, simultaneously for the eight un-
knowns (λ±1, a±1, b±1, c±1). Due to the complicated na-
ture of the problem, the associated two dimensional inte-
grals w.r.t {θ′, φ′}, and the solution of the simultaneous
equations are all performed numerically. Before we pro-
ceed further, we will divide our results into two broad
classes. The first class considers the effects of introduc-
ing a natural lattice cutoff for Weyl fermions without
considering tilting of the Weyl cones. In the second class,
we consider effects due to tilting the Weyl cones in the
linearized spectrum approximation, that is without con-
sidering effects due to a finite lattice cutoff. Although
our formalism can handle the generic case of tilted lat-
tice Weyl fermion, the reason for this division is because
effects due to lattice and due to tilting of the Weyl cones
can in fact be considered independent of each other, and
linearized approximation speeds up the numerical com-
putation. The combined effect from the two gives the net
result.
A. Non-collinear E and B fields without tilting of
the Weyl cones for lattice Weyl fermions
Including orbital magnetic moment effects, the energy
dispersion assumes the form of the following transcen-
dental equation
2~k2χk = 2~k
2E0 sin(ka)+
eχE0 sin(ak)B(cos(θ) sin γ + sin θ cosφ cos γ).
(18)
The above equation has no closed-form solution for the
momentum kχ, and therefore the constant Fermi energy
contour in k−space is evaluated numerically. The semi-
classical band velocities evaluated in spherical polar co-
ordinates are
vχk =
E0a cos(ak)
~
− u
χ
2 cos(ak)βθφ
~ak2
+
2uχ2 sin(ak)βθφ
~a2k3
vχθ =
uχ2 sin(ak)(−dβθφ/dθ)
~a2k3
; vχφ =
uχ2 (−dβθφ/dφ)
~a2k3 sin θ
uχ2 = −eχE0Ba2/2~, (19)
where βθφ = (sin θ cosφ cos γ + cos θ sin γ).
B. Non-collinear E and B fields with tilting of the
Weyl cones in the linear approximation
Since tilting and lattice cutoff effects are physically in-
dependent of each other, we treat these effects separately.
Linearizing the Hamiltonian in Eq. 1 around the nodal
point, we obtain
Hk = χ~vFk · σ + tχxkx + tχz kz, (20)
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Figure 1. (a)-(c) Phase plot of the quadratic coefficient of the longitudinal magnetoconductance for a lattice model of untilted
Weyl fermions as a function of Fermi energy and intervalley scattering strength αi for various different angles of the magnetic
field. We explicitly map the zero-LMC contour in the EF −αi space where the change in sign of LMC occurs. At higher Fermi
energies the switching of LMC sign from positive to negative happens at a lower threshold of αi = α
c
i due to nonlinear lattice
effects. Secondly, orienting the magnetic field direction away from the electric field also lowers the threshold value of αci . (d)
Quadratic LMC coefficient in the limit of vanishing intervalley scattering strength αi as a function of the Fermi energy and
angle of the magnetic field.
where we define vF = aE0/~, tχi = T
χ
i a. The expression
for the constant energy contour becomes
kχ =
χk +
√
(χk)
2 − lχχξevFBβθφ
lχ
, (21)
where lχ = 2~vF + 2tχz cos θ + 2tχx sin θ cosφ, while the
semiclassical velocities take the following form
vχx = vF
kx
k
+
tχx
~
+
vχ2
k2
(
cos γ
(
1− 2k
2
x
k2
)
− 2 sin γkxkz
k2
)
,
vχy = vF
ky
k
+
vχ2
k2
(
cos γ
(−2kxky
k2
)
+ sin γ
(−2kykz
k2
))
,
vχz = vF
kz
k
+
tχz
~
+
vχ2
k2
(−2 cos γkxkz
k2
+ sin γ
(
1− 2k
2
z
k2
))
,
vχ2 =
χevFB
2~
. (22)
III. RESULTS
A. LMC for lattice Weyl semimetal
We first discuss the results for the lattice model of a
Weyl semimetal without considering the effects of tilt-
ing of the Weyl cones. Since the effects of tilting of
the Weyl cones are independent of lattice effects, tilt-
ing of the Weyl cones will be considered subsequently.
After obtaining the constant energy contour kχ numer-
ically using Eq. 18, we solve for the non-equilibrium
distribution function gχk using the procedure described
in the previous section. This is done specifically for
each value of γ, αi, B, and EF . The obtained LMC is
found to be quadratic in magnetic field, and thus we ex-
pand the LMC as σzz(αi, B, γ, EF ) = σzz0(αi, γ, EF ) +
σzz2(αi, γ, EF )B
2. The linear-in-B term σzz1 (which is
zero here) will become crucial for our analysis when we
introduce tilting of Weyl fermions, as discussed in the
next subsection. The longitudinal magnetoconductance
switches sign from positive to negative at a critical value
of αci (γ,EF ), i.e., the coefficient σzz2 becomes negative
when αi > α
c
i (γ,EF ) as shown in Fig. 1. At a fixed rel-
ative orientation of the magnetic field (as determined by
the angle γ), the threshold of αci decreases as the Fermi
energy is increased. Note that in the linear approxima-
tion one expects a straight line contour separating pos-
itive and negative LMC areas with a constant αci as a
function of EF , however, non-linear lattice effects lower
the critical value of αci highlighting the fact that lattice
effects can drive the system to exhibit negative LMC .
The explicit zero-LMC contour is plotted in Fig. 1 sepa-
rates positive and negative LMC region.
An interesting feature emerges when the magnetic field
is oriented further away from the electric field, i.e., the
angle γ is shifted away from pi/2. The overall region of
positive LMC is shrunk further in this case. Note from
Fig. 1 (a)-(c) that even when αi = 0, i.e., in the absence
of any intervalley scattering, there is an upper energy
cutoff beyond which LMC becomes negative. This fea-
ture is specifically highlighted in Fig. 1(d) where we plot
the quadratic coefficient σzz2 as a function of the Fermi
energy and angle γ in the limit of vanishing interval-
ley scattering strength αi. This specifically points out
the fact that lattice effects in Weyl fermions can inde-
pendently produce negative LMC even in the absence of
a finite intervalley scattering, a previously unknown re-
sult. For parallel electric and magnetic fields (γ = pi/2)
the LMC is primarily positive even for higher Fermi ener-
gies (when lattice effects become important) and becomes
negative only at very high Fermi energies near the band
edge. When the magnetic field is oriented away from the
electric field (γ → 0), small nonlinear lattice effects even
EF is small can produce negative LMC.
The planar Hall effect on the other hand does not dis-
play any sign change due to nonlinear lattice effects and
displays the standard sin(2γ) trend as a function of the
angle γ. Thus we do not explicitly plot this behavior.
PHE will be discussed in detail for tilted Weyl fermions
subsequently.
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Figure 2. Longitudinal magnetoconductance σzz(B) in the case when the Weyl cones are titled in the direction of the magnetic
field (zˆ) axis, but are oriented opposite to each other (t1z = −t−1z ). (a) LMC as a function of magnetic field for various tilt
parameters in the absence of intervalley scattering (αi = 0). For a finite small tilt t
1
z the LMC is asymmetric about zero
magnetic field, but still appears to be quadratic. When the tilt is large, LMC is predominantly linear-in-B. (b) and (c) LMC
in the presence of a finite intervalley scattering αi. LMC switches sign with the inclusion of αi. (d) The sign of the LMC is
plotted as a function of αi and t
1
z in the limit of B → 0+ clearly indicating areas of positive and negative LMC. (e)-(f) Linear
(σzz1) and quadratic (σzz2) coefficient of the LMC. Below αi ∼ 0.05, the coefficients are similar in magnitude and LMC has an
overall quadratic trend. for large enough αi the linear coefficient dominates over the quadratic coefficient leading to an overall
linear-in-B LMC as well as a change in sign of LMC. (g)-(h) LMC in the limit of large αi. Note that the phase plots are for
positive magnetic field. When B reverses sign, the LMC switches sign as well as it is dependent on the orientation of the tilt
with respect to the magnetic field.
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Figure 3. Longitudinal magnetoconductance σzz(B) in the case when the Weyl cones are titled in the direction of the magnetic
field (zˆ) axis, and are oriented in the same direction to each other (t1z = t
−1
z ). (a) LMC as a function of magnetic field for
various tilt parameters in the absence of intervalley scattering (αi = 0). (b) and (c) LMC in the presence of a finite intervalley
scattering αi. LMC switches sign with the inclusion of αi whenever αi > α
c
i (tz). (d) The quadratic coefficient of LMC is
plotted as a function of αi and t
1
z. The sign of the coefficient also corresponds to the sign of LMC. The contour separating
positive and negative LMC regions is also clearly shown.
B. LMC in tilted Weyl semimetal when γ = pi/2
First we discuss the case of tilted Weyl fermions when
the electric and magnetic fields are held parallel to each
other, i.e., γ = pi/2. In this case the PHE contribution is
expected to vanish and hence only LMC is discussed.
The case when t1z = −t−1z 6= 0 and tχx = 0
Fig. 2 presents the results of LMC σzz(B) as a function
of magnetic field when the two Weyl cones are oppositely
titled with respect to each other, but in the direction of
the magnetic field, i.e. t1z = −t−1z , and tχx = 0. In the
absence of any intervalley scattering (αi = 0) and tilt
(tχz = 0), the LMC is always positive, quadratic in B,
and symmetric about B = 0 as expected. Now keeping
αi = 0, a finite tilt introduces a linear-in-B term in the
LMC and a corresponding asymmetry around B = 0,
i.e. the value LMC depends on the direction of magnetic
field, or more generally it is dependent on the orientation
of the magnetic field with respect to the direction of the
tilt. The B−linear term survives because the tilts of the
Weyl cones are opposite to each other. For higher tilt
values (∼ ≥ 0.4) the linear-in-B term dominates over
the quadratic term and the LMC is observed to be linear
7in the relevant range of the magnetic field. Now, when
the signs of the tilts are interchanged at each valley, i.e.,
tχz → t−χz , the behavior with respect to B = 0 reverses
as well, i.e., σzz(t
1
z, B) = σzz(−t1z,−B) and σzz(t1z, B) =
−σzz(−t1z, B). This implies that the sign of LMC can be
positive or negative depending on the orientation of the
magnetic field with respect to the tilt in the Weyl cone.
In the presence of finite intervalley scattering αi, there
is a qualitative change in LMC: beyond a critical value
αci (t
1
z), LMC switches sign. For example, note that
σzz(t
1
z = 0.2, B > 0) to be positive when αi = 0, but
σzz(t
1
z = 0.2, B > 0) becomes negative when αi = 0.2.
In order to better understand this behavior, we expand
the longitudinal magnetoconductance as σzz(t
1
z, αi, B) =
σzz0(t
1
z, αi) + σzz1(t
1
z, αi)B + σzz2(t
1
z, αi)B
2, where each
coefficient σzzj corresponds to the j
th order in the mag-
netic field. The evaluated LMC as a function of the
magnetic field is then fit according to the above equa-
tion to obtain the coefficients σzzj(t
1
z, αi). The linear and
quadratic coefficients are plotted in Fig. 2(e-h). When αi
is small (∼≤ 0.05) the linear (σzz1) and quadratic (σzz2)
coefficients are similar in their magnitude, and therefore
the behavior with respect to the magnetic field has both
linear and quadratic trend. When αi crosses threshold
value αci (t
1
z) the linear coefficient dominates and LMC
switches sign as a function the magnetic field. Note that
there is a special case of t1z = 0, where the linear coef-
ficient is always zero and the LMC switches sign when
αi = 0.5 [66]. However, for even small values of t
1
z, the
linear coefficient dominates over the quadratic coefficient
and the sign reversal in LMC occurs below αi = 0.5. The
sign of the LMC is also plotted in Fig. 2(d) as a func-
tion of αi and t
1
z in the limit of B → 0+. Note that for
small values of B and tilt, LMC can show both positive
and negative behavior depending on the fact of B → 0
or if B is away from zero (see Fig. 2(a) when t1z = 0.2).
Finally, we also comment on the effect of non-collinear
E and B fields. Qualitatively, we find no difference from
Fig. 2 even when the angle γ 6= pi/2. However, when
γ 6= pi/2, along with LMC we also have a finite planar
Hall conductivity, which is discussed later.
The case when t1z = t
−1
z 6= 0 and tχx = 0
Fig. 3 presents the results of LMC as a function of
magnetic field when the two Weyl cones are titled in the
same direction with respect to each other in the direction
of the magnetic field, i.e. t1z = t
−1
z , and t
χ
x = 0. Note that
LMC is always quadratic in B, because the B−linear co-
efficients cancel out (as they appear with a chirality sign
that is opposite for the two Weyl cones). When the in-
tervalley scattering αi is small, LMC is always positive.
For large αi, we note that when the tilt (t
1
z) magnitude is
small, LMC changes sign from positive to negative, but
remains positive when the tilt parameter is large enough.
The critical value of intervalley scattering (αci ) where the
change in sign occurs is dependent on the tilt parame-
ter, i.e., αci = α
c
i (t
1
z). In Fig. 3(d) we present the phase
plot of the quadratic coefficient σzz2. The sign of the
quadratic coefficient corresponds to the sign of LMC in
this case as the linear-in-B term is absent. We also map
out the contour in αi− t1z space where the change in sign
of LMC occurs. When αi & 0.5 and |t1z| . 0.6, LMC
is observed to be negative, but remains positive and has
a weak dependence on αi when |t1z| & 0.6. The LMC
is determined by the interplay of αi and t
1
z and the tilt
parameter opposes the change in sign of LMC due to in-
tervalley scattering and its contribution dominates when
|t1z| & 0.6. This behavior of the quadratic coefficient is
similar to that observed in Fig. 2 (h), but the presence
of a linear-in-B coefficient in the previous case changes
the qualitative behavior of LMC.
The case when tχz = 0 and t
χ
x 6= 0
In Fig. 4 we plot the results when the Weyl coned are
tilted orthogonal to the direction of the magnetic field
and oppositely oriented, i.e. t1x = −t−1x 6= 0 and tχz = 0.
The qualitative trend is very similar to the previously
discussed case of tχx = 0 and t
1
z = t
−1
z 6= 0. When the
Weyl cones are tiled in the same direction w.r.t. each
other, i.e., t1x = t
−1
x 6= 0 and tχz = 0, the qualitative trend
is again observed to be similar and hence is not explicitly
plotted.
C. LMC and PHE in tilted Weyl semimetal, when
γ 6= pi/2
When γ 6= pi/2, we will have a finite planar Hall contri-
bution along with the longitudinal magnetoconductance.
As we shall examine shortly, the LMC in this case can
exhibit non-trivial signatures depending on the angle γ.
The case when t1z = −t−1z 6= 0 and tχx = 0
In this case the longitudinal magnetoconductance isn’t
qualitatively different from the case of γ = pi/2 as shown
in Fig. 2. The sign of the LMC is mainly governed by
the linear coefficient σzz1. The values of the coefficient
decreases when γ 6= pi/2, but the qualitative trend re-
sembles that of Fig. 2 (d). Therefore we do not explicitly
plot this behavior.
In Fig. 5 we plot the normalized planar Hall conduc-
tivity σ′xz as a function of the magnetic field for different
values of the tilt parameter tχz (for oppositely tilted Weyl
cones) and at angles γ. When the intervalley strength is
zero, a finite tilt is observed to add a B-linear compo-
nent that shifts the minima of σ′xz away from B = 0. For
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Figure 4. Longitudinal magnetoconductance σzz(B) in the case when the Weyl cones are titled perpendicular to the direction
of the magnetic field (i.e. along xˆ) axis, and are oppositely oriented to each other (t1x = −t−1x ). (a) LMC as a function of
magnetic field for various tilt parameters in the absence of intervalley scattering (αi = 0). (b) and (c) LMC in the presence of a
finite intervalley scattering αi. LMC switches sign with the inclusion of αi whenever αi > α
c
i (tx). (d) The quadratic coefficient
of LMC is plotted as a function of αi and t
1
x. The sign of the coefficient also corresponds to the sign of LMC. The contour
separating positive and negative LMC regions is also clearly shown.
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Figure 5. Normalized planar Hall conductivity σ′xz (prime indicating that the value is normalized with respect to the value at
0.5T) as a function of the magnetic field for different values of the tilt parameter tχz (oppositely tilted Weyl cones) and at angles
γ. In (a)-(d), the intervalley strength is zero. A finite tilt is observed to add a B-linear component that shifts the minima of
σ′xz away from B = 0. For a higher tilt value, the behavior is linear for all relevant range of magnetic field. In (e)-(h), we apply
a finite intervalley scattering strength αi. This enhances the B-linear contribution, however only in the presence of a finite tilt.
a higher values of tilt, the behavior is almost linear for
all relevant range of magnetic field. A finite intervalley
strength αi enhances the B-linear contribution, however,
only in the presence of a finite tilt. In Fig. 6 we plot the
normalized planar Hall conductivity (σ′xz) as a function
of the angle γ for several values of tilt parameter tz for
oppositely tilted Weyl cones. In the absence of tilt the
behavior follows the trend sin(2γ), while in the presence
of tilt, a cos γ component is added. Beyond a critical tcz,
the cos γ term dominates and σ′xz(pi/2 + ) changes from
positive to negative, where  is a small positive angle.
A finite intervalley scattering further enhances the cos γ
trend (however only in the presence of a finite tilt). Its
effect is to lower the critical tilt tcz where the sign change
occurs.
The case when t1z = t
−1
z 6= 0 and tχx = 0
In this case the linear-in-B behavior of the LMC van-
ishes since the tilts are oriented along the same direction.
Thus the sign of the quadratic coefficient corresponds to
the sign of LMC. One would therefore expect that the
qualitative behavior in this case would again be similar
to that observed in Fig. 3, however, we find that this is
not the case. In Fig. 7 we plot the sign of LMC as a
function of the tilt t1z and intervalley scattering αi for
various values of the magnetic field angle γ. As γ → pi/2
(parallel E and B fields), we recover the result presented
in Fig. 3, i.e. the shape of contour where LMC is zero
is like a U . Specifically, when |t1z| . 0.6 critical value
of αi where the sign change occurs is around 0.5. When
|t1z| & 0.6, the sign change does not occur. When γ is di-
rected away from pi/2 the shape of the zero LMC contour
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Figure 6. Normalized planar Hall conductivity (σ′xz) as a function of the angle γ for several values of tilt parameter tz for
oppositely tilted Weyl cones. In the absence of tilt the behavior follows the trend sin(2γ), while in the presence of tilt, a cos γ
component is added. Beyond a critical tcz, the cos γ term dominates and σ
′
xz(pi/2 + ) changes from positive to negative, where
 is a small positive angle. A finite intervalley scattering further enhances the cos γ trend (however only in the presence of a
finite tilt). It’s effect is to lower the critical tilt tcz where the sign change occurs.
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Figure 7. The sign of LMC σzz when the Weyl cones are tilted in the same direction (t
1
z = t
−1
z 6= 0 and tχx = 0) for different
angles of the magnetic field. As γ → pi/2 (parallel E and B fields), we recover the result presented in Fig. 3 and the shape
of zero LMC contour (line separating the black and white regions) is like a rotated U . When γ is directed away from pi/2 the
shape of the zero LMC contour looks like a curved trapezoid.
looks like a curved trapezoid instead of U . The critical
value αci where the sign change first occurs is seen to re-
duce and elongate its region from |tz| ≈ 0.5 when γ = pi/2
to |tz| ≈ 1 as γ → 0. This feature can be understood as
a combination of two factors: when γ = pi/2, a finite tilt
t1z and αi drives the system to change the sign of LMC
from positive to negative (as seen in Fig. 3), and secondly
when γ 6= pi/2 along with a finite αi (even when t1z = 0)
drives the system to change LMC sign from positive to
negative much below αi = 0.5 [66]. The combination of
these two assisting factors shapes the zero LMC contour
in the current scenario.
The planar Hall conductance, on the other hand shows
expected behavior, i.e., quadratic in the magnetic field
and sin(2γ) angular dependence. Therefore we do not
explicitly plot this behavior.
The case when t1x = t
−1
x 6= 0 and tχz = 0
If we compare Fig. 3 and Fig. 4, it is suggested that
the qualitative behavior of the three scenarios (a) {t1z =
t−1z 6= 0, tχx = 0}, (b) {t1x = t−1x 6= 0, tχz = 0}, and
(c) {t1x = −t−1x 6= 0, tχz = 0} is similar to each other
when γ = pi/2. Therefore, rotating the magnetic field
along the xy-plane (shifting γ away from pi/2) is naively
not expected to change any qualitative behavior. How-
ever, we find that this is not the case. Consider the
two scenarios (a) and (b), which display similar behav-
ior when γ = pi/2, i.e. (i) LMC is quadratic in B, (ii)
LMC switches sign when αi > α
c
i (t
1
x/z), (iii) LMC al-
ways remains positive if t1x/z is too large (& 0.6) also
suggested by the shape of zero-LMC contour (U -shaped).
If γ 6= pi/2, then in scenario (a), the zero-LMC contour
assumes the form of an curved trapezoid (Fig. 7, while
the zero-LMC contour is much different in scenario (b), as
seen in Fig. 8, where the region of negative LMC expands
in the parameter space along with the reduction of the
critical intervalley strength αci where the sign change first
occurs. The reduction of the critical intervalley strength
can again be understood as a combination of the two
factors like the previous case (i) a finite tilt t1z and αi
(when γ = pi/2) drives the system to change the LMC
sign from positive to negative (as seen in Fig. 4), and
secondly γ 6= pi/2 along with a finite αi (when t1z = 0)
drives the system to change LMC sign from positive to
negative much below αi = 0.5 [66]. The different shape
of the contour (negative LMC filling out the parameter
space instead of a curved trapezoid) is essentially be-
cause the cones are now tilted along the x-direction and
the magnetic field has an x-component to it, which is
qualitatively different from the tilt occurring in the z-
direction.
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Figure 8. The sign of LMC σzz when the Weyl cones are tilted in the same direction (t
1
x = t
−1
x 6= 0 and tχz = 0) for different
angles of the magnetic field. As γ → pi/2 (parallel E and B fields), we recover the result presented in Fig. 4 and the shape
of zero LMC contour (line separating the black and white regions) is like a rotated U . When γ is directed away from pi/2 the
region of negative LMC is seen to expand out.
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Figure 9. (a) - (d) LMC σzz as a function of the magnetic field when t
1
x = −t−1x and tχz = 0, when the angle of the magnetic
field is slightly shifted away from pi/2 (γ = 0.47pi). A finite tilt is noted to result in a small linear-in-B contribution that
enhances in the presence of intervalley scattering. (e)-(h) The sign of LMC σzz in the t
1
x − αi parameter space in the limit
B → 0+ shows drastic variation around γ = pi/2.
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Figure 10. Normalized planar Hall conductivity σ′xz for oppositely tilted Weyl fermions along the kx direction (prime indicates
normalization w.r.t. magnetic field at 0.5T). (a)-(d) In the absence of intervalley scattering, a small tilt adds a linear-in-B
component. (e)-(h) In the presence of intervalley scattering strength, the linear-in-B component is enhanced, but only in the
presence of a finite tilt.
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Figure 11. Normalized planar Hall conductivity (σ′xz) as a function of the angle γ for several values of tilt parameter tx for
oppositely tilted Weyl cones. In the absence of tilt the behavior follows the trend sin(2γ), while in the presence of tilt, a sin γ
component is added. Beyond a critical tcx, the sin γ term dominates and σ
′
xz(pi/2 + ) changes from positive to negative, where
 is a small positive angle. A finite intervalley scattering further enhances the sin γ trend (however only in the presence of a
finite tilt). It’s effect is to lower the critical tilt tcx where the sign change occurs.
The case when t1x = −t−1x 6= 0 and tχz = 0
From Fig. 4 and our earlier discussion we noted that
scenarios (b) and (c) are qualitatively similar, at least
when γ = pi/2, i.e., the field is directed along the z-
direction. Directing the magnetic field even slightly away
from the z-axis changes the qualitative behavior when
t1x = −t−1x , as a B-linear component is added in the LMC
response. This is because the magnetic field now has a
x-component and the tilts are oppositely oriented to each
other (though tilted along the x-axis). Fig. 9 presents the
plot of LMC σzz as a function of the magnetic field when
the angle of the magnetic field is slightly shifted away
from pi/2 (γ = 0.47pi). A finite tilt results in a small
linear-in-B contribution that is enhanced in the presence
of intervalley scattering.
The presence of a finite B−linear component also mod-
ifies the planar Hall conductivity σxz in the current case.
Fig. 10 plots the normalized planar Hall conductance σ′xz
as a function of the magnetic field. Even in the absence
of intervalley scattering, a finite tilt of the Weyl cones
along the x-direction causes the planar Hall conductivity
to be B-linear showing asymmetry around B = 0. The
presence of intervalley scattering further enhances the B-
linear contribution. A difference between this and Fig. 5
(tilt along the z-direction) is that the planar Hall conduc-
tivity remains zero when γ = 0, i.e., when the magnetic
field points along the x-direction because the direction is
parallel with the direction of tilts in the Weyl cone. On
the other hand, for γ = 0, the planar Hall conductivity
becomes finite and linear when the Weyl cones are tilted
along the z-direction. We also plot σ′xz as a function of
γ in Fig. 11. In the absence of tilt the behavior follows
the expected trend of sin(2γ), while in the presence of
tilt, a sin γ component is added. Beyond a critical value
of the tilt (tcx), the sin γ term dominates the behavior
σ′xz never changes sign as a function of the parameter γ.
A finite intervalley scattering further enhances the sin γ
trend (however only in the presence of a finite tilt). Its
effect is to lower the critical value of the tilt tcx.
IV. DISCUSSIONS AND CONCLUSIONS
The linearity or nonlinearity of the bands is alone not
sufficient to produce a finite longitudinal magnetocon-
ductance (positive or negative) or a planar Hall effect in
materials. It is in fact the topological nature of the bands
that gives rise to finite LMC or PHE in Weyl semimet-
als. The topological nature of the bands is manifest in
the Berry curvature and the orbital magnetic moment
of the Bloch electrons. Even though the bands no longer
disperse linearly away from the Weyl node, their topology
is nevertheless preserved, as also demonstrated by exact
expressions for Berry curvature and OMM in our proto-
type lattice model. We solved the Boltzmann equation
semi-analytically for a lattice model of Weyl fermions and
noted that the inclusion of orbital magnetic moment is
crucial in obtaining negative LMC in the limit of vanish-
ing intervalley scattering, just like it is crucial in obtain-
ing negative LMC for strictly linearly dispersing Weyl
fermions in the presence of intervalley scattering [64].
This points out to an important fact that nonlinear lat-
tice effects can produce negative LMC for weak magnetic
fields irrespective of the presence or absence of intervalley
scattering. Therefore it is inconclusive to state that neg-
ative LMC for weak magnetic fields in a Weyl semimetals
necessarily points out to the presence of intervalley scat-
tering.
Since nonlinear lattice effects are intrinsically present
in real Weyl materials, likewise, the presence of a finite
tilt is also inevitable. Finite lattice effects and effects
due to tilting of the cones are largely independent of one
another, and thus one can solve the Boltzmann equation
for tilted Weyl fermions in the linearized approximation.
The overall behaviour is a given by a combination of both
factors. We constructed several phase diagrams in rele-
vant parameter space that are important for diagnosing
chiral anomaly in Weyl materials. Specifically, we exam-
ine the longitudinal magnetoconductivity σzz as well as
the planar Hall conductivity σxz for tilted Weyl fermions
for the four relevant cases when the cones are tilted in the
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same or opposite direction along or perpendicular to the
z−direction, i.e., (i) t1x = t−1x , and tχz = 0, (ii) t1x = −t−1x ,
and tχz = 0, (iii) t
1
z = t
−1
z , and t
χ
x = 0, (iv) t
1
z = −t−1z , and
tχx = 0. Crucially, the LMC is found to depend on the
angle γ that determines the orientation of the magnetic
field w.r.t the electric field. When γ = pi/2, the elec-
tric and magnetic fields are parallel, and the LMC has a
linear-in-B component only for case (iv) that results in
its asymmetry around B = 0. We found that LMC when
evaluated in the limit B → 0+ switches sign as a function
of intervalley scattering αi and the tilt parameter. For
cases (i), (ii), and (iii), LMC is symmetric around B = 0
and quadratic in magnetic field, however, it changes sign
from positive to negative depending on the magnitude of
αi and the tilt parameter. When γ 6= pi/2, the phase
plots for cases (i), (ii), and (iii) shows non-trivial behav-
ior. In particular, the distinction between cases (i) and
(iii) becomes evident due to qualitatively different phase
plots in the αi−tx space separating negative and positive
LMC regions, which however is quadratic in magnetic
field. Specifically, the shape of the zero-LMC contour is
distinct in the two cases. Interestingly, for case (ii), a
linear-in-B component in LMC is added that vanishes in
the limit of parallel electric and magnetic fields. This
again results in qualitative different phase plots in the
αi−tz space as a function of γ. To summarize, the shape
of the zero-LMC contour in αi − tk space as a function
of the angle γ is qualitatively distinct in each of the four
cases.
Lastly, we also discuss the planar Hall conductivity σxz
for each of the above cases. A linear-in-B component to
σxz is added in case (ii) and (iv), which is further en-
hanced by a finite αi. The distinction between cases (ii)
and (iv) comes from the fact that in addition to sin(2γ),
a cos γ, and a sin γ trend to the planar Hall conductivity
is as a function of the angle γ for cases (iv) and (ii) re-
spectively. The cos γ and sin γ trends are enhanced due
to intervalley scattering.
Appendix A: Lattice Weyl fermion
The Hamiltonian of a Weyl node with smooth lattice
cutoff can be expressed as
Hχ = χE0 sin(ak · σ), (A1)
where k is measured from the nodal point, χ is the
chirality index, E0 is an energy parameter, and a is
constant with dimensions of length. Using the rela-
tions, sin θ = (expiθ − exp−iθ)/2i, and exp {ia(σ · k)} =
I cos θ + i(σ · k) sin θ, one can rewrite down the Hamil-
tonian in the following form, (with θ and φ as polar and
azimuthal angles respectively )
Hχ = χE0 sin(ak)
(
cos θ sin θe−iφ
sin θeiφ − cos θ
)
(A2)
Here we are going to use the property of ma-
trices that for a matrix M = [...]N×N hav-
ing eigenvalues,λ1, λ2, λ3, ......, λN , and eigenfunctions
α1, α2, α3, ......., αN, respectively, then for matrix
CM , the same will be Cλ1, Cλ2, C.λ3, ......, CλN , &
α1, α2, α3, ......., αN , (where C is constant ). Thus the
eigenvalues of the Hamiltonian are
(k) = ±E0 sin (ak), (A3)
and eigenfunctions for positive band with different chi-
rality are
|u+(k)〉 =
(
e−iφ cos θ2
sin θ2
)
(A4)
|u−(k)〉 =
(−e−iφ sin θ2
cos θ2
)
(A5)
The expressions for Berry curvature and orbital magnetic
moments(OMM) are given by
Ωχk = i∇k × (〈uχ(k)| ∇k |uχ(k)〉)
mχk =
−ie
2~
〈uχ(k)| ×(Hχ((k)− (k)) |uχ(k)〉 , (A6)
from which one can easily find the expressions for Berry
curvature and OMM
Ωχk =
−χk
2k3
mχk =
−eχE0 sin (ka)k
2~k3
(A7)
Appendix B: Boltzmann transport equation
The Boltzmann equation is reduced to the following
form
Z = AZ− Y, (B1)
where
Z =

λ+
a+
b+
c+
λ−
a−
b−
c−

(B2)
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A =

α++F+ α++G+ α++I+ α++J+ α+−F− α+−G− α+−I− α+−J−
α++G+ α++O+ α++P+ α++Q+ α+−G− α+−O− α+−P− α+−Q−
α++I+ α++P+ α++S+ α++U+ α+−I− α+−P− α+−S− α+−U−
α++J+ α++Q+ α++U+ α++V + α+−J− α+−Q− α+−U− α+−V −
α−+F+ α−+G+ α−+I+ α−+J+ α−−F− α−−G− α−−I− α−−J−
α−+G+ α−+O+ α−+P+ α−+Q+ α−−G− α−−O− α−−P− α−−Q−
α−+I+ α−+P+ α−+S+ α−+U+ α−−I− α−−P− α−−S− α−−U−
α−+J+ α−+Q+ α−+U+ α−+V + α−−J− α−−Q− α−−U− α−−V −

(B3)
Y =

α++H+ + α+−H−
α++N+ − α+−N−
α++L+ − α+−L−
α−+M+ − α−−M−
α−−H+ + α−+H−
α−−N− − α−+N+
α−−L− − α−+L+
α−−M− − α−+M+

(B4)
The relevant integrals involved in the above matrices
are: ∫∫
dθ′dφ′fχ
′
(θ′, φ′) = Fχ
′
∫∫
dθ′dφ′fχ
′
(θ′, φ′)hχ
′
= Hχ
′
(B5)
∫∫
dθ′dφ′fχ
′
(θ′, φ′) cos θ′ = Gχ
′
∫∫
dθ′dφ′fχ
′
(θ′, φ′) sin θ′ cosφ′ = Iχ
′
(B6)
∫∫
dθ′dφ′fχ
′
(θ′, φ′) sin θ′ sinφ′ = Jχ
′
∫∫
dθ′dφ′fχ
′
(θ′, φ′) sin2 θ′ cos2 φ′ = Sχ
′
(B7)
∫∫
dθ′dφ′fχ
′
(θ′, φ′)hχ
′
(θ′, φ′) cos θ′ = Nχ
′
∫∫
dθ′dφ′fχ
′
(θ′, φ′)hχ
′
(θ′, φ′) sin θ′ cosφ′ = Lχ
′
(B8)
∫∫
dθ′dφ′fχ
′
(θ′, φ′)hχ
′
(θ′, φ′) sin θ′ sinφ′ = Mχ
′
∫∫
dθ′dφ′fχ
′
(θ′, φ′) cos2 θ′ = Oχ
′
(B9)
∫∫
dθ′dφ′fχ
′
(θ′, φ′) sin θ′ cos θ′ cosφ′ = Pχ
′
∫∫
dθ′dφ′fχ
′
(θ′, φ′) sin θ′ cos θ′ sinφ′ = Qχ
′
(B10)
∫∫
dθ′dφ′fχ
′
(θ′, φ′) sin2 θ′ cosφ′ sinφ′ = Uχ
′
∫∫
dθ′dφ′fχ
′
(θ′, φ′) sin2 θ′ sin2 φ′ = V χ
′
(B11)
[1] J. von Neumann and E. Wigner, Z. Physik 30, 467
(1929).
[2] G. E. Volovik, The universe in a helium droplet, Vol. 117
(Oxford University Press on Demand, 2003).
[3] C.-K. Chiu, J. C. Teo, A. P. Schnyder, and S. Ryu,
Reviews of Modern Physics 88, 035005 (2016).
[4] N. Armitage, E. Mele, and A. Vishwanath, Reviews of
Modern Physics 90, 015001 (2018).
[5] S.-Y. Yang, H. Yang, E. Derunova, S. S. Parkin, B. Yan,
and M. N. Ali, Advances in Physics: X 3, 1414631 (2018).
[6] S. Murakami, New Journal of Physics 9, 356 (2007).
[7] S. Murakami, S. Iso, Y. Avishai, M. Onoda, and N. Na-
gaosa, Physical Review B 76, 205304 (2007).
[8] A. Burkov, M. Hook, and L. Balents, Physical Review
B 84, 235126 (2011).
[9] A. Burkov and L. Balents, Physical review letters 107,
127205 (2011).
[10] X. Wan, A. M. Turner, A. Vishwanath, and S. Y.
Savrasov, Physical Review B 83, 205101 (2011).
[11] G. Xu, H. Weng, Z. Wang, X. Dai, and Z. Fang, Physical
review letters 107, 186806 (2011).
[12] K.-Y. Yang, Y.-M. Lu, and Y. Ran, Physical Review B
84, 075129 (2011).
[13] D. Xiao, M.-C. Chang, and Q. Niu, Reviews of modern
physics 82, 1959 (2010).
[14] A. Burkov, Physical review letters 113, 187202 (2014).
[15] G. Sharma, P. Goswami, and S. Tewari, Physical Review
B 93, 035116 (2016).
[16] G. Sharma, C. Moore, S. Saha, and S. Tewari, Physical
Review B 96, 195119 (2017).
[17] T. Liang, J. Lin, Q. Gibson, T. Gao, M. Hirschberger,
M. Liu, R. J. Cava, and N. P. Ong, Physical review
letters 118, 136601 (2017).
[18] S. L. Adler, Physical Review 177, 2426 (1969).
[19] H. B. Nielsen and M. Ninomiya, No-go theorum for reg-
ularizing chiral fermions, Tech. Rep. (Science Research
Council, 1981).
[20] H. B. Nielsen and M. Ninomiya, Physics Letters B 130,
389 (1983).
[21] J. S. Bell and R. Jackiw, Il Nuovo Cimento A (1965-1970)
60, 47 (1969).
14
[22] V. Aji, Physical Review B 85, 241101 (2012).
[23] A. Zyuzin, S. Wu, and A. Burkov, Physical Review B
85, 165110 (2012).
[24] D. T. Son and N. Yamamoto, Physical review letters 109,
181602 (2012).
[25] P. Goswami and S. Tewari, Physical Review B 88, 245107
(2013).
[26] P. Goswami, G. Sharma, and S. Tewari, Physical Review
B 92, 161110 (2015).
[27] K. Fukushima, D. E. Kharzeev, and H. J. Warringa,
Physical Review D 78, 074033 (2008).
[28] D. Son and B. Spivak, Physical Review B 88, 104412
(2013).
[29] K.-S. Kim, H.-J. Kim, and M. Sasaki, Physical Review
B 89, 195137 (2014).
[30] V. A. Zyuzin, Physical Review B 95, 245128 (2017).
[31] L. He, X. Hong, J. Dong, J. Pan, Z. Zhang, J. Zhang,
and S. Li, Physical review letters 113, 246402 (2014).
[32] T. Liang, Q. Gibson, M. N. Ali, M. Liu, R. J. Cava, and
N. P. Ong, Nature materials 14, 280 (2015).
[33] C.-L. Zhang, S.-Y. Xu, I. Belopolski, Z. Yuan, Z. Lin,
B. Tong, G. Bian, N. Alidoust, C.-C. Lee, S.-M. Huang,
et al., Nature communications 7, 1 (2016).
[34] Q. Li, D. E. Kharzeev, C. Zhang, Y. Huang, I. Pletikosic´,
A. Fedorov, R. Zhong, J. Schneeloch, G. Gu, and
T. Valla, Nature Physics 12, 550 (2016).
[35] J. Xiong, S. K. Kushwaha, T. Liang, J. W. Krizan,
M. Hirschberger, W. Wang, R. J. Cava, and N. P. Ong,
Science 350, 413 (2015).
[36] M. Hirschberger, S. Kushwaha, Z. Wang, Q. Gibson,
S. Liang, C. A. Belvin, B. A. Bernevig, R. J. Cava, and
N. P. Ong, Nature materials 15, 1161 (2016).
[37] S. Nandy, G. Sharma, A. Taraphder, and S. Tewari,
Physical review letters 119, 176804 (2017).
[38] N. Kumar, S. N. Guin, C. Felser, and C. Shekhar, Phys-
ical Review B 98, 041103 (2018).
[39] W. Yang, D. Zhen, Y. Liang, and X. Y. Wang, Phys.
Rev. Mater 3, 014201 (2019).
[40] H. Li, H.-W. Wang, H. He, J. Wang, and S.-Q. Shen,
Physical Review B 97, 201110 (2018).
[41] F. Chen, X. Luo, J. Yan, Y. Sun, H. Lv, W. Lu, C. Xi,
P. Tong, Z. Sheng, X. Zhu, et al., Physical Review B 98,
041114 (2018).
[42] P. Li, C. Zhang, J. Zhang, Y. Wen, and X. Zhang, Phys-
ical Review B 98, 121108 (2018).
[43] J. Yang, J. Wang, W. Zhen, L. Ma, L. Ling, W. Tong,
C. Zhang, L. Pi, and W. Zhu, Physical Review B 100,
205107 (2019).
[44] O. Pavlosiuk, D. Kaczorowski, and P. Wi´sniewski, Phys-
ical Review B 99, 125142 (2019).
[45] R. Singha, S. Roy, A. Pariari, B. Satpati, and P. Mandal,
Physical Review B 98, 081103 (2018).
[46] R. Lundgren, P. Laurell, and G. A. Fiete, Physical Re-
view B 90, 165115 (2014).
[47] G. Sharma and S. Tewari, Physical Review B 100, 195113
(2019).
[48] K. Das and A. Agarwal, Physical Review B 100, 085406
(2019).
[49] P. Goswami, J. Pixley, and S. D. Sarma, Physical Review
B 92, 075205 (2015).
[50] H.-Z. Lu, S.-B. Zhang, and S.-Q. Shen, Physical Review
B 92, 045203 (2015).
[51] C.-Z. Chen, H. Liu, H. Jiang, and X. Xie, Physical Re-
view B 93, 165420 (2016).
[52] S.-B. Zhang, H.-Z. Lu, and S.-Q. Shen, New Journal of
Physics 18, 053039 (2016).
[53] J. Shao and L. Yan, AIP Advances 9, 045319 (2019).
[54] X. Li, B. Roy, and S. D. Sarma, Physical Review B 94,
195144 (2016).
[55] X.-T. Ji, H.-Z. Lu, Z.-G. Zhu, and G. Su, Journal of
Applied Physics 123, 203901 (2018).
[56] B. Spivak and A. Andreev, Physical Review B 93, 085107
(2016).
[57] K. Das and A. Agarwal, Physical Review B 99, 085405
(2019).
[58] M. Imran and S. Hershfield, Physical Review B 98,
205139 (2018).
[59] R. M. Dantas, F. Pen˜a-Benitez, B. Roy, and P. Suro´wka,
Journal of High Energy Physics 2018, 69 (2018).
[60] A. Johansson, J. Henk, and I. Mertig, Physical Review
B 99, 075114 (2019).
[61] A. G. Grushin, J. W. Venderbos, A. Vishwanath, and
R. Ilan, Physical Review X 6, 041046 (2016).
[62] A. Cortijo, Physical Review B 94, 241105 (2016).
[63] G. Sharma, P. Goswami, and S. Tewari, Physical Review
B 96, 045112 (2017).
[64] A. Knoll, C. Timm, and T. Meng, Physical Review B
101, 201402 (2020).
[65] C. Xiao, H. Chen, Y. Gao, D. Xiao, A. H. MacDonald,
and Q. Niu, Physical Review B 101, 201410 (2020).
[66] G. Sharma, S. Nandy, and S. Tewari, arXiv preprint
arXiv:2006.03049 (2020).
[67] H. Bruus and K. Flensberg, Many-body quantum theory
in condensed matter physics: an introduction (Oxford
university press, 2004).
